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Second order parabolic equations and weak uniqueness of
diffusions with discontinuous coefficients

D OYOON K IM

Abstract. We prove the unique solvability of parabolic equations with discontinuous leading coefficients in W p1,2 ((0, T ) × Rd ). Using this result, we establish
the uniqueness of diffusion processes with time-dependent discontinuous coefficients.
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1. Introduction
The unique solvability of second order parabolic equations in non-divergence form
is well established if the leading coefficients are uniformly continuous (see [8] and
[9]). More precisely, the parabolic equation
u t = a jk (t, x) u x j xk + b j (t, x) u x j + c(t, x) u + f (t, x)
with appropriate initial and boundary conditions has a unique solution u ∈
W p1,2 ((0, T ) × ), 1 < p < ∞, if a jk (t, x) are uniformly continuous with respect to x uniformly in t (a jk satisfy the uniform ellipticity condition). However,
even if a jk (t, x) are discontinuous, there are some cases where one can expect the
unique solvability of the above equation. The most intensively investigated case is
when the coefficients a jk are in the space of VMO. As noted in [13] (also see references therein to find a list of many papers which deal with elliptic and parabolic
equations with VMO coefficients), VMO contains the space of bounded uniformly
continuous functions as a proper subset. However, for example, if a jk are piecewise
constant, then they are not in the space of VMO. This means that we may try to find
another class of discontinuous coefficients a jk (a class that includes piecewise constant coefficients) so that equations with leading coefficients from the class have
strong unique solutions.
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